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Abstract

Cross sections for pion pair production by photon-photon collisions are esti-
mated near the threshold using a relativistic quark clustering model. A realistic
qg wave function of the pion was determined by fitting the pion charge form factor
up to g2 = 4 ~ 6GeV?/c?, the weak decay constant and the pion charge radius.
The composite structure of the pion provides a simple explanation for the energy
dependence and magnitudes of 7+ 7~ and #%7° pair productions.

PACS numbers: 13.65.+i, 13.40.-f, 12.40.-y, 13.20.Cz.



Two pion production cross sections in photon-photon collision have been measured
for the range of #7 invariant mass /s < 3GeV , and a large enhancement over the Born
approximation prediction is observed!~2 near the threshold of the vy — w17~ reaction.
The Born amplitude for the neutral pion pair production vy — n%7° is zero, but data
reported by the Christal Ball Collaboration* indicates that the cross section is not zero,
but at least an order of magnitude smaller than the charged pion case, and varies slowly
with energy up to the f2(1274) peak. These interesting results have stimulated theoretical
speculation; Mennessier® introduced the direct coupling of two photons to a scalar-isoscalar
meson(e{740)), which would give a large contribution, making the 7%r° cross section ap-
proximately half of the #+#~ one. Barnes et al® keep the small 797 cross section and
attributed the 7+ 7~ enhancement to corrections to the Born amplitude arising from final
state interactions, which they calculate from a nonrelativistic gggg model. Chiral perturba-
tion theory using an effective QCD lagrangian, when applied to these reactions recently?,

gave a linear dependence of the #%7% cross section on /s up to 0.6 ~ 0.7GeV.

In these approaches, including the Born calculation® and other older calculations®
based on the low energy theorem, the photon is assumed to couple to the elementary field
of a point-like pion. On the other hand multi-hadron production in e*e™ colliders is now
regarded as a dynamical testing ground of Quantum Chromodynamics(QCD). Here the
hadron production is initiated by the coupling of the incident photons to either one or
two quark pairs, and perturbative QCD has been successfully applied to the vy — n+x2—,
K+ K~ reactions!? in the very high energy region /s > 1.5GeV. The study of resonance
processes such as the 4y — pp has been also well developed using multi- quark models?!,

In this letter we present a calculation based on a Relativistic Quark Cluster Model(RQCM)
of the 4y — w7, %0 cross sections near threshold. It is shown that the charge structure
of the pion as a quark- antiquark{qg) pair provides a simple estimate for the magnitudes
of both reactions. The momentum distributions of confined quarks, especially of the soft
part of the wave function, is properly taken into account by choosing a Bethe-Salpeter
amplitude of the ¢g bound system which gives the right sizes for the pion charge form
factor, charge radius r,, and weak decay constant f,. Since the 4y — 7 reaction is the

simplest multi-hadron process, and the photon probes the intrinsic structure of the pion,
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this process is well suited to a test of the RQCM, in which both the relativistic nature of

quarks and the relativistic motion of composite hadrons are expected to be well described.

We plan eventually to use this model to estimate the size of quark effects in the medium
energy region of nuclear physics.

We start with the charge structure of the transition amplitudes M*? . and M® '

.t Ny— T

illustrated by the Feynmann diagrams of Fig. 1. Assuming SU(2) flavor symmetry for light

quarks, m, = mg, permits a factor depending only on the charge to be separated from the

dynamical part, giving

i : dik
M, pw =Tr[27egd" €] ® _/ WT'{gl}, (1a)
M? =Tr[®"0" dk . T 5
i "[ eqq) ® W "{92} + f{gz(fa,qa « Eb,Qb)}, (18)

where

01 =¢aS(k — qa)TsS(k + p» — ga)§6S(k — pa)TaS(k),
and

g2 =¢ﬂs(k - qﬂ)ibs(k — Db pa)rbs(k - Pa)ras(k)-

Here 'y = I'(pa — k, k) is the Bethe-Salpeter vertex function of the pion(a), where & and
Pa — k are the momentum of the quark and antiquark, respectively. S(k) is the propagator
of quark with the four momentum &k and mass mg, and ¢,, € are the polarization vectors
of incident photons. The 2 x 2 matrices eq, %, &+ and &~ are the quark charge operator

and flavor density matrices of #%, 7+ and of #— mesons.

¢q=[2"/3’ 0 ]’Qoz[l/\/ﬁ, 0 },¢+=[°’ 1],(}_:[0, 0]_

0, —e/3 0, -1/\/2 0, 0 1, O



The 5 and v* matrices in the respective pion(I';) and photon(¢s) vertices are in a different
order in ¢g; and g3, and this gives opposite signs in the dynamical part of loop integrals
in the Eqs.(1a,b), where each magnitude depends upon the quark mass and details of
the momentum distributions. The traces of the charge operators are Tr[®%®%¢.e,] =
Tr(®0%,3%,) = §% for the vy — 7970 case, and this results in a strong cancellation of the

amplitudes M:'r—' , and Mf”_‘”. yielding the very small cross section. On the contrary,

KT
in the charged pion case Tr[®+® ege,] = 8%;, Tr(®te,@eq} = %8‘2, Tr[@~dteqeq] =
% and Tr(®~e,teq] = %;2, which results in the large coherent sum of the total

amplitude. Therefore the details of the hadron structure will be magnified after computing

all the 6 diagrams, ji.e. M¢ + Mf;q

s » and their p, < pp exchange.

—_nr

We have undertaken an empirical analysis'? of the pion structure based upon the
Bethe-Salpeter formalism. The pseudo-scalar ¢g bound state wave function will be ex-
pressed by the Dirac gamma matrices v5 and s, where p is the four momentum of pion,

and we take a mixed form of the wave function

V(p—k,k) = % {@—n*+ ms-ﬁ— (2)

Here N is a normalization constant given by the charge normalization and M is a constant
with a dimension of mass(Mc? = 138.MeV is used). D(K?) describes the momentum
distribution of ¢g§ pair as a function of their relative momentum K = k — ‘23 In order to
have a finite value of the loop integral in the calculation of the pion decay constant, which
is typically given by fx ~ [d*k¥(p — k,k), D(K?) has to behave like ~ K™, n > 6. We
use the following simple product of monopole functions, with the parameters A;,A; and

Az roughly estimating the scales of soft and hard regions.

D(K?) = [K? — AJJ[K? - AJ](K? — A3]. (3)



The BS wave function(¥) and the vertex function(T') are related by ¥(p — k,k) = S(k —
p) T(p—k, k)S(k), and we have evaluated the pion charge radius(rs) , weak decay constant
(fx) and charge form factor (Fr(g%)) by using the above vertex function in their loop
diagrams. The details are given in Ref. 12. The gluon exchange is not explicitly included
here assuming that our phenomenology will cover this effect, or alternatively, that our
wave function fits only the soft contribution, and that the hard gluon correction is small
and can be estimated later for all the observables. Four parameters Ai, Az, Az and g
are adjusted to minimize the x? distribution for 10 data; ry,fr, and 8 data points from
the charge form factor shown by the solid circles of Fig. 2. The result of this analysis is
given in Table 1 and Fig. 2. Early in this analysis we treated the quark mass as one of
the adjustable parameters to minimize the x?, but the result was very insensitive to the
value of m, since fyr depends on m, only through the normalization constant N, which
has a very slow dependence on the quark mass. Here we take mgy = 350MeV, equal to
the constituent quark mass. (With the choice of mg = 250MeV we found x? = 0.48/Data
point, and for m, = 450MeV, x? = 0.49/Data point, without significant change of other
parameters given in Table 1).

Fig. 3 presents the results of the two pion production cross sections calculated with
the parameters given in the Table 1. In the present approach a possible way to study the
sensitivity to soft processes in QCD is to change the confinment scale. For this test we
made a reference wave function of a smaller pion by introducing a smaller value of ry ~
0.4£0.05fm in the analysis, and we found A; = 1.46fm~!,A; = 3.3fm~1}, A3 =3.7fm™1,
n = 009, rp = 0.42fm, and fx = 92MeV. The results with this smaller pion are also
shown. Our conclusions are,

(a)yy — 7#t#x~: The integrated cross section, shown in Fig. 3a, is compared with the
experiments reported by Refs 1 and 3 and with the prediction by the Born approximation.
Our result agrees with these measurments except for the dip around /s = 0.45 ~ 0.5GeV
observed by Ref. 3. The result with the reference wave function of the smaller pion shows
about ~ 20% reduction from the one predicted with our wave function. The quark mass
dependence is estimated using the parameters of Table 1. With the value mgy = 450M eV,
the cross section is 5% smaller at /s = 0.34GeV, and 4% smaller at /s = 0.44GeV.
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(b)yy — w%r% The integrated cross section for |cosf| < 0.8 is compared with the
experimental data? in Fig. 3b. Our result, shown by the solid line, predicts the right
magnitude and energy dependence. We observe the strong sensitivity to the size of pion;
the smaller pion(ry = 0.42fm) reduces the cross section about a factor ~ 1 or more.
The quark mass dependence is found to be o(m, = 450MeV)/o(m,; = 350MeV) = 1.19
at /s = 0.34GeV and 1.23 at /s = 0.44GeV. Note that the cross section is rising as
Vs —~ 4A;, the location of the cuts resulting from the structure of the wave function.

We also calculated? the two photon decay width of a neutral pion I'yo_2,(7.57
0.3eV14) to test the pion wave function of Table 1. The simple evaluation of the trian-
gular diagrams gives I'yo_,5, = 1.17¢V for my = 350MeV, and 1.25(0.97)eV for my =
250(450) MeV .

The calculation of the amplitude Mf;q_,", involves a 4 dimensional integral of the
Feynman parameters, such as [ dz, [ dzy [ dz3 [ dz46(z1+22+23+24—1) f(71, 22, %3, T4),
and we performed this integral by the Monte Carlo method on the surface of a 4-dimensional
hypersphere.

In summary, we observe that treatment of the pion as a relativistic quark-antiquark
system provides & simple estimate for both 4y — #tn—,7%x? reactions in rough agree-
ment with existing data. The interplay of the pion charge structure and the momentum
distribution of the constituent quarks is crucial to the quantitative explanation of the
energy dependence of the cross sections. Theoretical predictions of the cross sections,
especially for 0 pair production, are very sensitive to the confinement size, considered
to be the size of the pion, rather than the constituent quark mass. A question remains
about possible corrections from final state interactions such as the coupled channel process
~q = wt7— — 7970, The corrections to the Born amplitudes from these processes have
been well studied®:®, This effect can be included in the RQCM and would change the
present estimate. Unlike the conventional approach to photo-hadron production, however,
the hadronization and the mutual hadronic interaction are not clearly ‘sepa.rated in QCD.
Both processes would happen in the dynamical evolution of hadronization. At this level
the dynamical calculation with an exact algorithm, such as the lattice simulation of hadron

structurel®, will provide a more systematic approach. In addition, the rule of the axial

6



anomaly!® sould be developed in the context!”!® of quark confinement. We hope the
present phenomernological approach provides a useful guide to further study.
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Figure captions

1

The Feynmann diagrams for (a)the quark exchange amplitude s’

and (b)the quark loop amplitude M-l;-,_»"' . The wavy, solid and double
solid lines stand for photon, quark and pion respectively. The four

momenta of photon a(b) and pion a(b) are ga(gs) and pa(ps), respectively.

2
The charge form factor of the pion. The solid line is the fit resulting

from the parameters in Table 1. The experimental data are taken form

Ref. 13.

3

(a)The integrated cross section of 4y — w+x—, where the solid line is
our result using the parameters in Table 1, and the dashed line is for the
the reference wave function of & small pion. The the dotted-dash line
shows the Born amplitude prediction. The experimental data are from
Ref. 1 (solid circles) and from Ref.3 (diamonds). (b)The integrated
cross section(| cosé |< 0.8) of vy — n%#%. The meaning of lines is the

same as in (a). The experimental data are taken from Ref. 4.



Table captions

Table 1
The parameters of the pion wave function Eq(2) and the static observ-
ables which result from the x2 fitting. The numbers in the parentheses

are the experimental values,
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Affm=1]  Aa[fm~t]  As[fm—1] n x2®/(DataPt.) e {fm] In[MeV] mee?[MeV]

0.694 3.412 3.763  0.078 0.49 0.640 93.1 350.0
(0.663+0.028)  (983.)

Table 1
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